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1. 
There is considerable interest in the question of when a space has a nice (usually 
meaning met&able) dense subspace, see e.g., [ 1,9,11]. If the space is a Baire space 
one would hopie for a nice dense Gs-subspace. For example, Hodel showed that a 
Baire p-space has a dense Ga-subspace which is a paracompact p-space [11, proof of 
Lemma 5.21, and used this to show that a quasi-complete Baire space with a 
Gs-diagonal or with a point-countable point-separating open cover has a deuse 
metrizable Ga-subspace, [ll, proof of Lemma 5.31, thereby generalizing the fact that 
a pseudo-complete Moore space has a dense metrizable G,+ubspace, [l, Remark 
2.41. Also, in [6] it was noted that a Baire a-space has a dense metrizable Ga- 
subspace. 
In this nete we introduce butterfly spaces, which are of interest because many 
examples are butterfly spaces. We show that a separable Baire butterfly space cannot 
have a dense metrizable Ga-subspace, hen&e cannot be a c-space, which is of 
independent interest. We also discuss semi-metrizable spaces which are not u- 
spaces; we give a construction of a Lindeliif such space from CH and also construct a 
normal no;lLirrdeliif such space from MA + 1 CH. 
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The Tl space X is semi-met&able if 
WI . 
3. Buttedly spaces 
Definition. A pair (Xl, X2) is a butterfly pair if: 
(1) Xl and X2 have the same underlying set, denoted by X, and the topology of Xi 
is finer than the topology of X2. 
(2) Each x E X has arbitrary small neighborhoods U in X1 such that U -{x} is 
open in X2. 
(3) Each x E Xl has a neighborhood U in X1 such that x E Clx, Intx&X2- U). 
If A cX, then we write Ai if we think of A as a subspace of Xi (i = 0,l). 
The space X is a butterjiy space if some space Y makes (X, Y) a butterfly pair. 
plcs. (a) The Sorgenfrey line is a butterfly space. 
(b) Let K be the complex plane. For x E K and n E o define 
Let X be K, retopologized by t+d&ng { U(JT, 0) : n E 0) to be a neighborhood base 
of x (x E X). Then (X, K) is a bh.%tterfly pair. X is similar to Heath’s “bow-tie” space 
in [lo, Example 2.71. Note thatp. X is semimetrizable. 
(c) Let R be the real line. For x E R and n E o define 
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Let Y be R, retopologized by declaring { U(x, n) : n E o} to be a neighborhood base 
(x E Y). Then (Y, R) is a butterfly pair, the line analogue of (b). Again Y is 
semi-metrizable. 
The usefulness of the notion of a butterfly pair is the interxtion of the two 
topologies; if (X1, X2) is a butterfly pair one can get considerable information about 
X1 if one knows enough about X2. This is illustrated by the following Lemma, the 
easy proof of which we omit. 
3.2. Lemma. Let (Xl, X2) be a buttefly pair and let X be the underlying set. 
(a) If A c X, then A is dense in Xl if and only if A is dense in X2. 
(b) If A c X is dense in Xl, then (Al, Aa) is a butterfly pair. 
(c) If A c X, then A is nowhere denselresidual in Xl iff A is nowhere dense1 residual 
in X2, hence Xl is Baire iffX2 is Baire. 
(d) 4(X1) = c,b(Xz) if& is one of c, d, W. 
(e) If A is closed discrete in Xl, then so is Clx,A. 
3.3. Lemma. IjvX is a butte$y space, then w(X) 2 IX 1. 
Proof. Let Y be a space making (X, Y) a butterfly pair. For each x E X 
$&={UcX:UopeninX,XEU, U-{x}openin Y, 
xEClyInty(Y-U)} 
is a local base at x in X, hence Uxcx Bx is a base for X. As is well known, there must 
be a subfamily ~41 of &X %. with 1&I = w(X j such that & is a base. Let U E & be a 
neighborhood of x in X such that x E Cly Inty (Y - U). Then Ue By if y f x, hence 
Ml 2 1x1. a 
3.4. Theorem. (See also [19]). If X is a Baire buttejry space with c(X) = o (e.g., 
because X is separable), then X does not have a dense metrizable G-space. 
Proof. Suppose M is a dense metrizable subspace of X. Then c(M) = c(X), so M 
must be second countable. M is a butterfly space by Lemma 3.2 (b), hence 
IMI s w(M) by Lemma 3.3. Consequently M is countable. Since M is dense in X and 
X is Baire, M cannot be a Ga. El 
3.5. Corollary. lf X is a Baire butte#y space with c(X) = o, then X is not a u-space. 
Proof. AS noted in 163, a Baire cr-space has a dense metrizable Gs-subspace. D 
Combining our results we get 
3.6. Example. There is a semi-metrizable completely regular Baire space which has 
no dense metrizable Ga-subspace, hence is not a *space. 
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Proof. The space X of Example 3.%(b) or the space Y of Example 3.1(c). That these 
spaces are completely regular is known, at least for X, and is not hard to prove. The 
spaces are Baire spaces by Lemma 3.2(c). u 
A similar example of a semi-metrizable Baire space without a dense metrizable 
&subspace has been given independently b White [19], who also showed that a 
semi-metrizable Baire space does have a dense metrizable subspace. Kofner has 
given a similar example of a semi-metrizable, h nce semi-stratifiable space that is not 
a cr-space [14]. 
We conclude this section with a result stating that if (Xl, X2) is a butterfly pair with 
X2 completely metrizable and XI semi-metrizable, then Xl is not Lindeliif. This 
proposition lays to rest he hope that a semi-metrizable Lindelijf space, which is not a 
g-space, might be found by constructing a butterfly space on the real ine or complex 
plane. Mote that Example 3.1(b) is easily seen to be non-Lindeliif since every 
horizontal line is an uncountable closed iscrete subset, however, it is not as easy to 
show that Example 3.1(c) is not Lindeliif without using the following proposition. 
There are also modifications of Example 3.1(b) for which it is not easy to show 
directly that the space is not Lindeliif. 
3.7. Prrbposition. Let (Xl, X2) be a butterfiy pair. If Xl is semi-met&able and X2 is 
completely metrizable, then Xl has a closed iscrete subspace ef cardinal@ 2” (hence, 
X1 is not Lindeliif). 
Proof. Let U: XI x o + {subsets ofXI} be as in the definition of semi-metrizability, 
such that 
(0) if 14 C= XI and there is an m E o with a e U(b, m) for distinct a, b E A, then A is 
closed in XI. 
The existence ofsuch a U follows immediately from [3]. Let d be a compatible metric 
for X2. For n E w put 
Y, = {X E X2: x E Clx, Intx,lXz - U(x, n))}. 
@Then X2 = Uneo Y,, hence there are m: c o and open W in X2 such that Y, n W is 
dense in W. With an easy recursion \)n PO Ew construct A = (a, : n E o} c XI such 
ken Nf,W2 -. WJk, m)N; 
(2) for all rz, k E w there is an i E w with d (ai, a,,) < lj2k. 
Then A is dense in itself as a subspace ofX2, hence 
(3) IClx,All = 2” , since X2 is cot npletely metrizable. 
Since x E U(y, m) if and only if y E U(x, m) (x, y E X), it follows from (1) that 
(4) if a, b E A are distinct, a g U(b, m). 
This implies that A is relatively discrete in XI p and also that A is closed in Xl by (0). 
The conclusion ow follows from (3) and 3.2(e). cl 
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4. Remarks 
E.S. Berney [3], E.A. Michael [16] and NV. VelZko [ 181 constructed semi- 
metrizable Lindeliif spaces which are not a-spaces from CH. These examples are 
butterfly spaces. Here we wish to comment on such spaces. 
The technique of [a, Theorem 51 and [8, Theorem l] can be used to construct from 
CH a dense Lusin subspace (=uncountable subspace, any nowhere dense subset of 
which is countable [8]) of the semi-metrizable spaces of Example (3.1 (b) or (c)). This 
subspace is a Lindelef Baire semi-metrizable space which is not a a-space by 3.2(b) 
and 3.5 (cf. [ 181). A modification of this technique yields a separable normal Baire 
subspace under MA, see [ 173; this subspace need not be Lindelof under MA + 1 CH. 
[Since under 2” ~2~’ every separable normal space is ctil-compact, [i2], and 
ol-compactness is equivalent o Lindel(ifness for semi-metrizable spaces, MA + 1 
CH is essential.] 
It is worth noting that in ZFC there probably is no semi-metrizable LindelGf space 
which is not a g-space, and which is the X1 of a butterfly pair (Xl, X2), with X2 a 
separable metrizable Baire space. Indeed, the argument of 3.7 suggests that the only 
way to ensure that X1 is Lindelef is for X2 to be a Lusin space. However, under 
MA + lCH, there does not exist a Hausdorff Lusin space without isolated points 
WI . 
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